Abstract. We compute Hodge polynomials for the moduli space of representations of an elliptic curve with two marked points into SL(2, C). When we fix the conjugacy classes of the representations around the marked points to be diagonal, the character variety is diffeomorphic to the moduli space of doubly periodic instantons whose Betti numbers are known. In that case we can recover some of the Hodge numbers of the character variety.
Introduction
Let X be a projective algebraic curve of genus g ≥ 1 and x 1 , . . . , x s ∈ X a collection of marked points. Let G be a complex reductive Lie group. The G-character variety of X with marked points x i is defined as the moduli space of representations of π 1 (X − {x 1 , . . . , x s }) into G. For this, we fix conjugacy classes C 1 , . . . , C s ⊂ G. The G-character variety is the space R C 1 ,...,Cs (X, G) = (A 1 , B 1 , . . . , A g , B g ,C 1 , . . . ,
C j = Id, C j ∈ C j , 1 ≤ j ≤ s //G, where G acts by simultaenous conjugation. This is the space of equivalence classes of representations where the holonomy around the punctures x j has been fixed to be of type C j , j = 1, . . . , s.
, that is D j ∈ C j , then we may denote R D 1 ,...,Ds (X, G) instead of R C 1 ,...,Cs (X, G).
The topology and geometry of G-characther varieties has been studied extensively in the last two decades, starting with the foundational work [11] . Recently interest has been given to the algebro-geometric structure of G-character varieties mainly because of the the implications to Mirror Symmetry [7, 10] . For this, computations of the HodgeDeligne polynomials have been done for a number of G-character varieties, mainly using arithmetic and combinatorial techniques [9, 8, 14] . In [12] C j = Id, C j ∈ C j , 1 ≤ j ≤ s explicitly (using geometric decompositions of the spaces). The technique is based on the work [15] of the second author. In [12] , we dealt with the case G = SL(2, C), s = 1 and g = 1, 2. In [13] the case s = 1, g = 3 is done. We address the case s = 2, g = 1 in this paper. This moduli space is of interest since it appears as the moduli space of doubly periodic instantons. Indeed, the SL(2, C)-character variety with diagonal and different conjugacy classes around the marked points is diffeomorphic to the moduli space of stable parabolic Higgs bundles of parabolic degree 0 and traceless Higgs field. This last moduli space is isomorphic, with the same complex structure, to the moduli space of doubly periodic instantons through the Nahm transform [6, 1] . Actually, the moduli space is hyperkähler and both complex structures -the one given as SL(2, C)-character variety, and the one given as moduli of parabolic Higgs bundles-are two of the complex structures in the family.
The case of several marked points has also been studied because of its relation to parabolic bundles [5] . Here we want to address the first case of the computation of HodgeDeligne polynomials of character varieties for several marked points, namely the case of G = SL(2, C), g = 1 and s = 2. , for λ ∈ C−{0, ±1}. The last type is determined by λ up to λ ∼ λ −1 .
Therefore there are 25 possible character varieties
The symmetry between C 1 , C 2 reduces the number of cases to 15. Moreover, the cases where
, correspond basically to the case of a one puncture elliptic curve, computed in [12] . This means that there are 6 cases left. Our main result is the computation of the Hodge-Deligne polynomials of these character varieties (see Section 2 for the definition of the Hodge-Deligne polynomial of an algebraic variety). These are as follows.
Theorem 1.1. We have the following:
The moduli spaces R C 1 ,C 2 (X, SL(2, C)) contain reducibles in cases (1) and (5) .
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Hodge-Deligne polynomials
Our main goal is to compute the Hodge-Deligne polynomial of the SL(2, C)-character variety of an elliptic curve with two marked points. We will follow the methods in [12] , so we collect some basic results from [12] in this section.
We start by reviewing the definition of the Hodge-Deligne polynomial. A pure Hodge structure of weight k consists of a finite dimensional complex vector space H with a real structure, and a decomposition H = k=p+q H p,q such that H q,p = H p,q , the bar meaning complex conjugation on H. A Hodge structure of weight k gives rise to the so-called Hodge filtration, which is a descending filtration
A mixed Hodge structure consists of a finite dimensional complex vector space H with a real structure, an ascending (weight) filtration . . . Let Z be any quasi-projective algebraic variety (maybe non-smooth or non-compact). The cohomology groups H k (Z) and the cohomology groups with compact support H k c (Z) are endowed with mixed Hodge structures [4] . We define the Hodge numbers of Z by
The Hodge-Deligne polynomial, or E-polynomial is defined as
When h k,p,q c = 0 for p = q, the polynomial e(Z) depends only on the product uv. This will happen in all the cases that we shall investigate here. In this situation, it is conventional to use the variable q = uv. If this happens, we say that the variety is of balanced type. For instance, e(C n ) = q n .
The key property of Hodge-Deligne polynomials that permits their calculation is that they are additive for stratifications of Z. If Z is a complex algebraic variety and Z = The hypotheses of Proposition 2.1 hold in particular in the following cases:
• B is irreducible and π is locally trivial in the Zariski topology.
• π is a principal G-bundle with G a connected algebraic group.
• Z is a G-space with isotropy H < G such that G/H → Z → B is a fiber bundle, and G is a connected algebraic group.
We need to recall some Hodge-Deligne polynomials from [12] . First, we have that e(SL(2, C)) = q 3 − q and e(PGL(2, C)) = q 3 − q. Consider the following subsets of SL(2, C):
• W 0 := conjugacy class of 1 0 0 1 . It has e(W 0 ) = 1.
• W 1 := conjugacy class of
It has e(W 1 ) = 1.
• W 2 := conjugacy class of
It has e(W 2 ) = q 2 − 1.
• W 3 := conjugacy class of
• W 4,λ := conjugacy class of
, where λ ∈ C − {0, ±1}. Note that W 4,λ = W 4,λ −1 , since the matrices ξ λ and ξ λ −1 are conjugated. We have
• We also need the set W 4 := {A ∈ SL(2, C) | Tr (A) = ±2}, which is the union of the conjugacy classes
Now consider the map
Note that f is equivariant under the action of SL(2, C) by conjugation on both spaces. We stratify X = SL(2, C) 2 as follows
We also introduce the varieties f −1 (C) for fixed C ∈ SL(2, C) and define accordingly
Then there is a fibration PGL(2, C)/U → X 2 → X 2 , and by Proposition 2.1, e(X 2 ) = (q 2 − 1)e(X 2 )
There is a fibration PGL(2, C)/D → X 4,λ → X 4,λ , and e(X 4,λ ) = (q 2 + q)e(X 4,λ ).
It will also be convenient to define
There is an action of Z 2 on X 4 given by interchanging (A, B, λ)
with P = 0 1 1 0 . The set X 4 /Z 2 coincides with the union of all X 4,λ .
The Hodge-Deligne polynomials computed in [12] are as follows:
We will call holonomies of Jordan type those which belong to one of the conjugacy classes J + and J − , and of diagonalisable type those which belong to Id, − Id or ξ λ .
Holonomies of Jordan type
Let C 1 , C 2 be conjugacy classes in SL(2, C). We want to study the set
Recall that there are five types of conjugacy classes in SL(2, C), namely Id, − Id,
, for λ = 0, ±1, and defined up to λ ∼ λ −1 . Therefore there is a total of 25 possible combinations for C 1 , C 2 . The following symmetry reduces the number of cases.
1 ) gives the required isomorphism. Note that when C ∈ C, C −1 runs over C again.
The Hodge-Deligne polynomials have been computed in [12] . They are
and the Hodge-Deligne polynomials of the character varieties are [12, Theorem 1.1]
Now we move to the cases where the holonomy around the punctures is given by the Jordan forms.
There is a fibration PGL(2, C)/U → Z 22 → Z 22 , so e(Z 22 ) = (q 2 − 1)e(Z 22 ).
As C ∼ J + , there is some P ∈ SL(2, C), well-defined up to sign and up to multiplication by U on the right, such that
where Z 2 acts by P → −P , and U acts by multiplication on the right on P . This is a free action.
Write P = x y z w , then we have
Note that the trace is t = Tr [P,
The action of U on P moves y and w, so the class of P modulo Z 2 × U is determined by (x, z) ∈ C 2 − {0}, up to sign. Hence
The space Z 22 is stratified as follows:
Hence the contribution to the Hodge-Deligne polynomial is e((C * − {±1})/±)e(X 2 ) = (q − 2)e(X 2 ). (2) For z = ±2i. As it is defined up to sign, can choose z = 2i. Then [P, J + ] ∼ J − , and hence the contribution is q e(X 3 ). (3) If z = 0 and x = ±1. As it is defined up to sign, we can arrange x = 1. So P = Id, and (A, B) ∈ X 0 . The contribution is e(X 0 ). (4) For z = 0, ±2i. Now we have a fibration (A, B) → t = 2 + z 2 , where z is defined up to sign, so z 2 ∈ C − {0, −4}.
. Hence the Hodge-Deligne polynomial is e(C)e(X 4 /Z 2 ).
Putting all together, e(Z 22 ) = (q − 2)e(X 2 ) + qe(X 3 ) + e(X 0 ) + qe(X 4 /Z 2 ) = q 5 + q 4 + 3q 2 + 3q,
Finally, we want to compute the Hodge-Deligne polynomial of R W 2 ,W 2 = Z 22 // PGL(2, C). It is clear that Z 22 / PGL(2, C) = Z 22 /U. The action of U on points of Z 22 is free except when it fixes simultaneously A, B, C. For this, all must lie in U ∪ (−U). Let
The action of 1 α 0 1 on
So contribution is
3.2. The case
There is an isomorphism
In particular
Writing P = x y z w , we have
and the trace is t = Tr [P,
The space Z 23 is stratified as follows:
(1) If z = 0 and x = ±1, then [P,
As x is defined up to sign, we get the contribution e((C * − {±1})/±)e(X 3 ) = (q − 2)e(X 3 ). (2) If z = ±2i, as it is defined up to sign, can choose z = 2i. Then [P, J + ] ∼ J − . As x ∈ C, we have the contribution q e(X 2 ). (3) If z = 0 and x = ±1. As it is defined up to sign, we can arrange x = 1. So [P, J + ] = Id and (A, B) ∈ X 1 . So we get the contribution e(X 1 ). (4) For z = 0, ±2i. Now we have a fibration (A, B) → t = 2 + z 2 , where z is defined up to sign, so z 2 ∈ C − {0, −4}.
Putting all together, e(Z 23 ) = (q − 2)e(X 3 ) + e(X 1 ) + qe(X 2 ) + qe(X 4 /Z 2 )
Finally, we want to compute the Hodge-Deligne polynomial of R W 2 ,W 3 = Z 23 // PGL(2, C). In this case the action is free, and there are no reducibles. So
4. One holonomy of Jordan type and the other of diagonalisable type
, so e(Z 
[P,
Quotienting by the action of U is equivalent to forgetting y and w. Hence this is determined by (x, z) ∈ C 2 − {(0, 0)}, modulo sign. Equating (2) and (3), we get
We have
So we get the following strata for Z λ 24
• For xz = 0, t = λ + λ −1 . The contribution from the values (x, z) is 2q − 1, so we get the contribution (2q − 1)e(X 4,λ ).
• For t = 2, we have xz = c 0 for some c 0 = 0. Quotienting by change of sing, (x, z) move in a C * . Also [A, B] = Id, so [A, B] ∼ J + . This gives the contribution (q − 1)e(X 2 ).
• For t = −2, the computation is similar and the contribution is (q − 1)e(X 3 ).
• For t = ±2, λ + λ −1 . We have a fibration with fiber C * parametrizing the values of (x, z), for fixed xz = (λ + λ
The union of all of them is X 4 /Z 2 . The total contribution is thus (q − 1) e(X 4 /Z 2 ) − e(X 4,λ ) .
Putting all together,
To get R W 2 ,W 3 , we need to quotient by the action of C * , corresponding to the diagonal matrices acting by conjugation on (A, B, P 
Holonomies of diagonalizable type
and
, with λ 1 , λ 2 = 0, ±1. We want to understand the set
44 // PGL(2, C). All orbits have trivial stabilizers, except in one case: if A, B, C 1 , C 2 are diagonal with respect to the same basis, and hence λ 1 λ 2 = 1, that is λ 2 = λ −1
1 . As λ is defined up to λ ∼ λ −1 , we also have reducibles in the case λ 2 = λ 1 .
Suppose that λ 1 = λ 2 , λ −1 2 from now on in this section. Let
44 //C * . As C ∼ D 1 , there exists P ∈ SL(2, C) with C = P D 1 P −1 . Such P is defined up to C * , diagonal matrices acting by multiplication on the right on P . Hence it is a free action. Now
, where λ = λ 1 , and
, where
We have λ 1 = λ, λ 2 = λ −1 µ −1 . The case µ = −1 corresponds to λ 2 = −λ −1 . This case is equivalent to λ 2 = −λ 1 , i.e. to λ 2 µ = −1. So we may assume µ = −1 henceforth without loss of generality.
We focus on the following equation
Our purpose is to find the solutions of (4).
Consider the following invariants:
.
Consider the following set of matrices P ∈ SL(2, C)/C * .
Hence, equality [P, D] = δ is now
It gives us the following equations:
Lemma 5.1. If (7)- (11) have solutions then
This is actually equivalent to (aµ
Proof. From (7) and (11), we have yz = dµ−1 (10) and (11), we have yz =
that is rewritten as (13) (aµ
Now using (5), we get the result.
Lemma 5.1 says that we can write t 1 in terms of t 2 as
Therefore we have a projection
Lemma 5.2. Assuming (12) holds, the condition bc = 0 is equivalent to one of the following:
Proof. The equality bc = 0 means that the matrix δ in (6) is equal to dµ 0 −cµ aµ 
Hence it must be d = µ −1 or a = µλ 2 . In the first case, a = µ, t 1 = µ + µ −1 and t 2 = aµ −1 +dµ = 2. In the second case, a = µλ
, where π is given in (14) , and (t 1 , t 2 ) satisfy (12) . Then (1), and P t 2 ∼ = {bc = 0} in (2) and (3).
Proof. To prove (1), note that Lemma 5.2 implies that bc = 0. a, d are fixed by (5) and
First (8) . Now equations (10) and (11) imply that yz = µ −1 a−1 1−λ 2 . We can divide by y since y = 0, hence
. Finally equation (9) implies zw =
(equation (15)) and dµ − 1 = −λ −2 (aµ −1 − 1) (equation (13)), we get w =
For the reverse inclusion, take x = 0, y = −µb
. Then clearly (8) holds. Now (7), (10) and (11) are
Finally,
using (15) and (13) again.
To prove (2) , note that by Lemma 5.2, a = µ. Then yz = 
• When t 2 = λ 2 + λ −2 , Lemma 5.1 says that t 1 = µλ
The contribution is then, by Theorem 5.4(3), e(F 2 ) = (2q − 1)e(X 4,µλ 2 ) = 2q 4 + 5q 3 − 9q 2 + q + 1.
• When t 1 = 2 then bc = 0 hence the matrix η = Id. So η ∼ J + . It cannot be t 2 = 2 or t 2 = λ 2 + λ −2 , as in these cases t 1 = 2. So Theorem 5.4(1) says that the contribution of P is C * . Hence
• The case t 1 = −2 is analogous the only difference is that the matrix η is of Jordan type J − . The contribution is then e(F 4 ) = (q − 1)e(X 3 )
• The generic case is a fibration with base
The fibration P → L is trivial with fibers C * . The fibration {(A, B)} → L has total spaceX 4 /Z 2 , and we remove two fibers. Therefore
The total sum of all contributions is e(F ) = e(F 1 ) + e(F 2 ) + e(F 3 ) + e(F 4 ) + e(F 5 ) = q
We quotient by C * to get the sought moduli space. So e(R ξ λ 1 ,ξ λ 2 ) = e(F/C * ) = q 4 + 2q 3 + 6q 2 + 2q + 1.
5.2.
Case λ 2 µ = −1.
• The set F 1 is defined by t 2 = 2 and t 1 = µ + µ −1 . As in the previous case, we have e(F 1 ) = 2q 4 + 5q 
• The set F 3 is defined by t 1 = 2. We note that bc = 0, so η ∼ J + . The contribution is
• Finally, the generic case is a fibration with base t 1 ∈ L = C − {±2, µ + µ −1 }. The fibration P → L is trivial with fibers C * . The fibration {(A, B)} → L has total spaceX 4 /Z 2 , and we remove one fiber. Therefore
The total sum is e(F ) = q 5 + q 4 + 4q 3 − 4q 2 − q − 1 and e(R ξ λ 1 ,ξ λ 2 ) = e(F/C * ) = q 4 + 2q 3 + 6q 2 + 2q + 1.
6. The case λ 1 = λ 2
We end up with the moduli space R ξ λ 1 ,ξ λ 1 , in which case the moduli space has reducibles. For convenience, we are going to take λ 2 = λ The computations in Section 5 remain valid with µ = 1 except that we cannot use equation (5) . This is only used to reduce equation (13) . But note that this equation can be reduced directly by using t 1 = a + d, t 2 = aµ −1 + dµ. In particular, Theorem 5.4 also holds for µ = 1. The computation of the Hodge-Deligne polynomials of the strata now runs as follows.
• When t 2 = 2, we have the susbet F 1 is as in the first case of Subsection 5. • The stratum defined by t 1 = −2 contributes e(F 3 ) = (q − 1)e(X 3 ) = q 4 + 2q 3 − 3q 2 .
• The remaining contribution is a fibration with base t 1 ∈ L = C − {±2, µ + µ −1 }. So, as in the fourth case of Subsection 5.2, we have e(F 4 ) = (q − 1) e(X 4 /Z 2 ) − e(X 4,µ ) = = q 5 − 4q 4 − 3q 3 + 12q 2 − 4q − 2.
The total sum is e(F ) = q 5 + 2q 4 + 2q 3 − 3q 2 − q − 1 .
To finish, we compute the Hodge-Deligne polynomial of 
